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Abstract 

The interaction of classical and quantized electromagnetic fields with an ensemble of atoms in 
an optical cavity is considered. Four fields drive a double-A level scheme in the atoms, consisting 
of a pair of A systems sharing the same set of lower levels. Two of the fields produce maximum 
coherence, pi2 ~ between the ground state sublevels 1 and 2. This pumping scheme involves 

equal intensity fields that are resonant with both the one and two-photon transitions of the A 
system. There is no steady-state absorption of these fields, implying that the fields induce a 
type electromagnetically-induced transparency (EIT) in the medium. An additional pair of fields 
interacting with the second A system, combined with the EIT fields, leads to squeezing of the 
atom spin associated with the ground state sublevels. Our method involves a new mechanism for 
creating steady-state spin squeezing using an optical cavity. As the cooperativity parameter C 
is increased, the optimal squeezing varies as C~^^^. For experimentally accessible values of C, 
squeezing as large as 90% can be achieved. 
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I. INTRODUCTION 

Spin squeezing refers to the reduction of noise in one of the components of the effective 
spin associated with an ensemble of two-level quantum systems. There has been a great 
deal of interest in spin squeezing as a means for reducing the quantum noise that is intrinsic 
to any precision measurement [l|. Several methods for achieving spin squeezing have been 
proposed 0, 0, 0, IE IE H, 0] , including a recent one of ours involving atoms interacting 
with a classical field and a quantized, cavity field in a A configuration . We have shown 
that, for a sufiiciently large nonlinearity (large cooperativity parameter C), self-squeezing is 
obtained in such a 3-level atomic medium when the input field driving the cavity mode is 
a coherent state of the radiation field. Maximal squeezing occurs near the points of optical 
bistability in this system. With increasing cooperativity parameter C, the maximum self- 
squeezing that can be obtained is about 30%. In this paper, we show that it is possible to 
increase this limit by modifying the pumping scheme. In effect, we introduce a method for 
pumping the coherence between the two ground state levels using a double-A scheme [ll|. 

The double A scheme consists of a pair of A systems sharing the same set of lower levels. 
One of the A schemes is designed to produce maximum coherence, pi2 = —1/2, between 
the ground state levels 1 and 2. This pumping scheme involves equal intensity fields that 
are resonant with both the one and two-photon transitions of the A system and leads to 
pumpmg of the dark-state, [(|1) - |2)) /^/2\. There is no steady-state absorption of these 
fields, implying that the fields induce a type electromagnetically-induced transparency (EIT) 
I3L I5I ]. The EIT fields' quantum correlations have been investigated in but not the 



atom- field correlations. It is not difficult, however, to show that, if the input fields are in a 
coherent state, the spin associated with levels 1 and 2 resulting from these fields alone is at 
least as noisy that of a coherent spin state. Hence, EIT alone does not produce atomic spin 
squeezing. In order to squeeze the ground state atomic spin, we introduce an asymmetry in 
the system by considering an additional pair of fields interacting with the second A system 
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FIG. 1: Double-A scheme. 



|lfll |. In the combined double-A scheme, our calculations predict that there is no limit to 
the spin squeezing that can be achieved; the variance of one spin component approaches 
zero asymptotically as C~^/^ for C ^ 1. We provide analytical calculations of the atomic 
variance, allowing one to optimize the squeezing and also discuss the process leading to the 
creation of squeezing, which is new and different from squeezing originating from optical 
bistability |6| . The EIT interaction enables one to pump the coherence and increase the 
spin mean value while the cavity coupling keeps the fluctuations low. 

In Sec. II, we describe the system and give the set of Heisenberg-Langevin equations 
governing the system. In Sec. Ill, we provide an effective 2-level system, give analytical 
results for the optimal squeezing and discuss the squeezing creation process. 



II. ATOM-FIELD CONFIGURATION 



The system considered in this paper consists of a set of N, 4-level atoms, whose levels 
form a double-A configuration, as represented in Fig. ^ On the lower A transition (1,3,2) 
the atoms interact with two light fields: an intense classical field Ai in a single pass scheme 
on transition 1^3, and a quantum field A2 in an optical cavity on the transition 2^3. 
The field frequencies are Ui and LJ2 and the detunings from atomic resonance Aj = u^i — Ui 
{i = 1, 2) are assumed to be much greater than the excited decay rate of state 3. If Uc is 
the cavity resonance frequency that is closest to the probe frequency, the cavity detuning 
for the quantum field can be defined as Ac = 002 — ^^c- An incoming quantum field A^^ 
drives the cavity field A2. The field Ai is treated classically and its intensity is supposed 
to be much greater than that of the quantum field. On the second A transition, the atoms 
resonantly interact with the two modes of a quantum cavity field 0, with frequency u' and 
cavity detuning A^. Although both modes are represented by the same symbol O, each 
mode drives only one transition, 1 — * 4 or 2 — > 4. This selectivity can be provided by field 
polarization if states 1 and 2 are degenerate, or by frequency selectivity if they belong to 
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different ground state liyperfine manifolds. 

Tfie 4-level system is described using 16 collective operators for the atoms of the 

N 

ensemble: the populations Ilj = J2 N)// (^l^u — the components of the optical dipoles 

n=i 

Pij in the frames rotating at the frequency of their corresponding lasers and their hermitian 
conjugates and the components of the dipole associated to the ground state coherence: 

N 

Pr — ^ |2)^ and Pj. We take coi — OJ^-, so that the ground state coherence is excited 

at zero frequency in both As. 

The coupling constant between atoms and field Ai is defined by 51 = E^d/h, where d is 
the atomic dipole, and £q — ■\/tujj2/'^^oSc. With this definition, the mean square vahie of 
the field is expressed in number of photons per second. A second coupling constant g' is 
similarly defined for field 0. The decay constants of dipoles P13 and P23 are taken equal 
to 7, and those of P14 and P24 equal to 7'. In order to take into account the finite lifetime 
of the two fundamental sublevels 1 and 2, we include in the model another decay rate 70, 
which is supposed to be much smaller than 7. For example 7(^^ can represent an atom's 
transit time in the light field, typically of the order of a few milliseconds for cold atoms. On 
the other hand, 7 and 7' are of the order of the MHz for excited states. We also consider 
that the sublevels 1 and 2 are repopulated with incoherent pumping terms Ai and A2, so 
that the total atomic population is kept constantly equal to N . 

The system evolution is given by a set of quantum Heisenberg-Langevin equations 



— i = iQt^'ia - i^iPl + ^^'e^Pl4 - ig'QPl + 7n3 + 7'n4 - 7oni + Ai + Fn (1) 
dt 

^ = igA\P2^ - igA^Pl + ig'Q^P2A - ig'QPL + 7n3 + 7'n4 - 10^2 + A2 + ^^22 (2) 

^ = -(iQIPia - in.Pl) - (ig4P2s - igA^P^^) - 2^U-i + P33 (3) 

^ = -{tg'e^Pu - tg'epL) - (^5'0^^24 - ^^'0^24) - 27'n4 + P44 (4) 
p 

= -(7 + iAi)Pi3 + iQi(ni - n3) + igA2P} + Pi3 (5) 

dt 
P 

^ = -(7 + ZA2)P23 + ^^^(^2 - n3) + inPr + P23 (6) 
p 

-il = -yPi4 + ig'Q{Il, - n4) + ig'QPj + Pi4 (7) 

p 

= -7'P24 + i^'e(n2 - n4) + ig'ePr + P24 (8) 

dt 
dP 

= - (70 - tS) Pr + tniP23 - igA^Pl + ^^'etP24 - ig'QPl + P21 (9) 

dt 

^ = -(k + iAe) A2 + ^P23 + \{^^^ (10) 
dt T \ T 

+ iK) e + ^(^4 + P24) + y^e- (11) 



where g and g' are assumed real, fli = gAi, 5 = Ai — A2 is the detuning between the ground 
state sublevels, k and k' are the intracavity field decays and r and r' are the round trip 
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times in the cavity. The EIT fields are taken to be quantum cavity fields in the bad cavity 
limit (7' -C k'); but could just as well have been taken to be classical fields propagating in 
free space. From the previous set of equations, it is possible to derive the steady state values 
and the correlation matrix for the fiuctuations of the atom-field system (see e.g. Our 
aim here is to obtain the fiuctuations of the spin operators associated with levels 1 and 2 
from simplified equations for the ground state variables as in Ref. jlol |. 

III. SIMPLIFIED EQUATIONS FOR THE GROUND STATE OBSERVABLES 

Owing to the off-resonant interaction on transitions 1^3 and 2^3, the excited state 
population (lis) is negligible and the optical coherences P13 and P23 evolve rapidly compared 
to Hi, 112 and P,.. It is also reasonable to assume that 5 = Ai — A2 ^ A = (Ai + A2)/2. 
On transitions 1 — > 4 and 2 — ^ 4 we choose a pumping rate = 2g''^ much smaller 

than 7' so that (114) is negligible and the optical coherences P14 and P24 adiabatically follow 
the ground state observables. We assume also that the EIT cavity is sufficiently bad to 
ensure that there is no bistability of these fields. Eliminating the excited state populations 
and replacing the optical coherences in Eqs. (HJIHl) by their steady state values, one gets 
simplified equations for the ground state variables 5*+ = P^, S- = Pj, Sz = (JI2 ~ni)/2 and 
the quantum field A2, 



~dt 



-(70 - ^5)5+ + A12 + 2t~gA2Sz + P+ (12) 



^ = -%Sz + ^^^j^ + z~g{AlS^ - S^A,) + Fz (13) 
^ = -(«: + zAM2 + ^~-S^ + (14) 

dt T \ T 

where 5 = 5 + ^-^ is the effective atomic detuning corrected with the light-shift and g = g^ 
is the effective coupling constant. Denoting by Fp = 7 | /A^ the optical pumping rate 
due to field Ai, the new in-terms and decay constants are then 

7o = 7o + rp + F;; A2 - Ai = A2 - Ai + iVFp; A12 = -iVF;/2 (15) 

We assume a symmetrical configuration (Ai = A2) and that the population is constant 

(Ai + A2 = A^7o). To get (dH), we have used the fact that > ^'^^2^2 • This effective 

system is now quite similar to that of Ref. in the case of the single A Raman interaction, 
the essential difference is that EIT or dark-state pumping results in an in-term for the 
ground state coherence. As usual, we introduce the parameter C quantifying the cooperative 
behavior of the atomic ensemble 

(16) 

The steady-state can be obtained setting the time derivatives to in Eqs. (fT^ - (fT^ and 
using the fact that the Langevin operators mean values are 0. Since we are interested in the 
quantum fluctuations, we linearize the effective equations around their steady-state values, 
assuming fluctuations are small with respect to mean values. 
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A. Linearization and diffusion matrix 



The linearized equations for the fluctuations may be written in a matrix form 

d mt)] 



dt 

where is the fluctuation vector 

is the linearized evolution matrix 



[B] 



[B] mt)] + m (17) 

6A2{t),6Al{t),SS+{t),SS4t),SS,{t) ^, [B] 



K, + iAc 





-ig/T 





\ 





K, — iAc 





ig/T 










7o - 





-2i~g{A2) 










7o + 


2t~g{A2y 








ig{A2) 


7o / 



(18) 



and \F^] is the column vector regrouping the corresponding Langevin operators. As in 
we define the covariance matrix [G{t)] by 



and the diffusion matrix by 



m)] = \m]mo)\ 



\F^{t)][F^{t')\ = [D] 6{t-t') 



(19) 



(20) 



The values of the atomic diffusion coefficients can be derived from the quantum regression 
theorem 0]. The complete diffusion matrix is given in Appendix. The variances of the spin 
components and their correlation functions are the elements of the zero time correlation 
matrix [G(0)], which satisfies [l^ 



[B] [cm + [cm [B]^ = [D] 



(21) 



The inverse of Eq. (PT|) gives [G(0)] , and, consequently, the spin variances. We then proceed 
with the calculation of the minimal variance in the plane orthogonal to the mean spin as in 



B. Optimal squeezing for {A2) = 

The optimal atomic squeezing was found to occur at two-photon resonance {S = 0) and 
when the quantum cavity field mean value was 0, with no cavity detuning (Ac = 0). The 
effect of a non-zero mean value of the cavity field will be discussed later. In particular, we 
will show that the results obtained in this Section still hold for small values of the quantum 
field intensity. Since the calculations are much easier and the physical meaning quite clear, 
we focus on the case (^42) = 0. The steady state is then simple: {S^) = NTp/2% and 
{S+) = (S'_) = — A^rp/270. Rewriting the equations for atomic fluctuations in the 5*^., Sy, 
Sz basis and defining the usual quadrature operators for A2, 

A2 + aI A2- aI , , 

Ep = ^^, Eq = ^^ (22) 
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one obtains the following set of equations 



Jt^^^ = 




- 2g {S^} 6Eq + 


(23) 


^ XC _ 








dt 




- 2~g {S+) 6Eq + 


(25) 




—n5Ep 


-l6Sy + ^6E- 


(26) 




-k5Eq 


+ hs^ + 


(27) 



It can be seen that 5Sy is coupled only to 5Ep, while 5Sx and 5Sz are coupled together via 
5Eq. By Fourier-transforming and integrating the linear set of equations, one can show that 
the minimal variance is that of the ?/-component of the spin, which is unchanged when one 
transforms to a basis where the z-axis is aligned along the mean spin. The noisier component 
is then a linear combination of 5Sz and 5Sx- Explicitly, one obtains for the fluctuations of 



Sy 



2C r^(7o + r;) 

l + P7o(7o' + 2CT2) 



(28) 



in which p = 7o/k = p 70/70 is the ratio of atomic and field decay rate and p = 7o//t. Equa- 
tion ()28|1 shows clearly that the fluctuations are small when p ^ 1 (bad-cavity limit) and 
C 1 (high cooperative behavior). The criterion for spin squeezing is obtained comparing 
the minimal variance to half the spin mean value 0, 



KS)|/2 = iV^/^3. (29) 

The atoms are said to be squeezed when A^min = (^5'^) /(|(S)|/2) < 1. In Fig. |2l we 
plot the minimum variance as a function of the EIT pumping rate: A^min goes through 
a minimum in the range of pump strengths satisfying 70 <^ F^ <^ 7'. The fluctuations of 
(I2H1) should be compared to the mean spin half value |(S)| /2 of (|^. These two quantities, 
normalize d by N/4, are plotted versus the EIT pumping rate in Fig. 2 for given values of 
C, p and Fp. Both go through a minimum with increasing F^, but there exists a regime in 
which the spin mean value is increased more than the fluctuations. In this regime, the atom 
spin is squeezed. Note that when the EIT interaction is absent (F^ = 0), as well as when 
it is predominant (F^ ~ IOO70), there is little or no squeezing. However, for intermediate 
values of the pumping rate, the EIT interaction allows one to pump the mean spin while the 
fluctuations are close to their minimal value. The best squeezing for a fixed value of Fp is 
determined by the biggest "gap" between (SSy) and |(S)| /2. The qualitative dependence of 
spin squeezing can be understood as follows: one must have F^ ^ 70 to produce significant 
pumping of the coherence pu] however, the entanglement of the spins with the cooperativity 
parameter must be sufficiently large to dominate the fluctuations produced by the pumping 
fields - this translates into the conditions, F' <^ k, CVi/T'^ > 1, which are violated for 
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FIG. 2: Minimal variance A^niin versus FIT pumping rate Yp (expressed in units). The mean 
spin half value |(S)|/2 and the minimal spin fluctuations {SSy^ (normalized by are also 

represented for the same parameters (C = 100, p = 1/2000, Tp = 270). 



sufficiently large Tp. Note also that for Tp = (EIT interaction alone), the fluctuations 
are iV/4, and AS'min = 1 + 7o/ > 1 confirming our statement that EIT alone does not 
produce atomic squeezing. 



C. Optimized variance 



The two pumping rates and Tp can be optimized in order to minimize AS'min- The 
optimal values of F^ and Tp , denoted by F^ and F*, can be obtained easily from the 
minima in Fig. El which shows AS'min versus F^ for different values of Tp. However, in 
order to better understand the behavior of the variance with the cooperativity parameter, 
one can find approximate expressions for F^* and F* in the regime of interest C ^ 1 and 
p = 7o/fi; ^ 1 (typical experimental values are C ~ 100 — 1000, p ~ 1/2000): explicitly, one 
obtains 

Equations (jHUI) yield the following expression for the optimized variance ASjJjj^ in the regime 
considered, 

A^iin - ^ (C » 1, p = 1/2000, A ^ 1.74) (31) 
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FIG. 3: Minimal variancG ^jSmin versus (in units), for various values of tli6 Raman pumping 
rate Tp = 0.5, 2, 5.7, 10, 20. C and p are equal to 100 and 1/2000. The last curve shows the minimal 
variance m which Tp = r; = C-^/^T'p was optimized as in ()30|) . The optimal squeezing is found to 
occur for T* = 5. 570 and T* = 25^q. 



The optimized atomic variance thus tends to with the cooperativity, and could be made 
arbitrarily small with a large number of atoms. For Eq. pip to be valid, and Fp have to 
be smaller than 7' and 7 for the adiabatic eliminations to be justified. The optimized value 
of Fp is typically of the order of a few 70, so that the validity of our treatment is almost 
always ensured under the optimized conditions: Fp ~ 70 and 70 ^ F^ <^ 7'. The validity 
of the approximations was checked with a full 4-level calculation, the principle of which has 
been described in Refs. 0, 0]. We checked, in particular, that the noise coming from the 
quantum fluctuations of the EIT pumping fields is negligible in the regime of interest. It 
should be noted that the convergence of AS'jJjjn to with C is rather slow because of the 
exponent 1/3; increasing the atoms by a factor 10 improves the squeezing by about 3 dB. 
However, very good squeezing values can be obtained for standard experimental conditions. 
In Fig. mthe optimal squeezing in dB is plotted versus C. For C = 100, we get 63% (4.3 
dB) of squeezing. Increasing the cooperativity to 1000 [l^ would allow squeezing values of 
83% (7.7 dB). 

D. Contributions to the atomic noise spectrum 

As in Ref. fl^, it is interesting to go into the Fourier domain from (j23|) - (j27j) and plot 
the contributions to the atomic spectrum. The atomic spectrum of the minimal component. 
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FIG. 4: Minimal variance A/Smin versus T' (in units), for various values of the Raman pumping 
rate Tp = 0.5, 2, 5.7, 10, 20. C and p are equal to 100 and 1/2000. The last curve shows the minimal 
variance m which Tp = T*p = C-^/^T'p was optimized as in (PU)) . The optimal squeezing is found to 
occur for T* = 5. 570 and T* = 25^q. 



{6S^{u)), is the sum of the incident field fluctuations Sf and the atomic noise Sat- 

_ NpCTl 1 Np^o 1 + 00' 

7o \D{uj}\ ^ \D{uj}\ 

where uj = lj/k and D{uj) = (1 — iuj) {p — iuj) + 2pCrp/7o7o. These contributions are plotted 
versus frequency in Fig. |Slfor optimized pumping values. Unlike the spectra derived in jlol |. 
we see that in the present case both contributions are of the same order of magnitude. The 
frequency width of the spectra can be found by noticing that, if we are in the bad-cavity 
limit: k ^ 70, and one eliminates the field fluctuations in (^^1) and rewrites ()24|) . the effective 
time constant for 6Sy is 7+ = 70 + 2CTp/7o, which can be made much greater than 70 (as 
in Fig. 5). 



E. Variation with the quantum cavity field intensity 

If the cavity field mean value is non-zero, the fluctuations of Sy are coupled to both Ep and 
Eq and Eq. has an additional term proportional to {A2) SS^. As a consequence, 6Sy is 
coupled to the other spin components. The minimal component in the plane orthogonal 
to the mean spin is then shifted, and the shift increases when |(v42)| increases and its 
fluctuations are greater. Figure 6 shows the minimal variance versus the cavity field mean 
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FIG. 5: Contributions to the atomic noise spectrum: the contribution of the fluctuations of the 
incident quantum field is of the same order of the three other contributions. The spectrum width 
is 27+ ~ 45570 in the case considered (C = 100, p = 1/2000, F; = 5.570, V'* = 2570). 



value for a given set of parameters. The squeezing is indeed destroyed when the field 
amplitude becomes too large. Yet, there exists a substantial range of intracavity intensities 
that do not destroy the squeezing too much. A lower limit for the field amplitude is set by 
looking at the linearized equation for 5Sy, in which the field mean value is non zero and the 
field fluctuations have been adiabatically eliminated 

j^5Sy = -^+5Sy + 2~g {S,) 5Ep + 2~g {A^) 5S, + (33) 

Squeezing is degraded when 7^ {^Sy') ~ 4 (^2))^ i^^^z)- Taking the analytical expres- 
sions for the variances (not reproduced here for simplicity), one thus gets a limiting value 
for the field amplitude \g (^2)1- The calculations of Sec. IIII BI for {A2) = are valid at least 
up to this limit, as can be seen from Fig. IHl 

IV. CONCLUSION 

In 0, 1^ ^1 , the squeezing arose from the non-linear interaction between the fields and 
atoms in the vicinity of the lower turning point of the bistability curve. The atom-field sys- 
tem exhibits the analog of a first-order phase transition and that quantum fluctuations are 
important near the bistable point, allowing for either the field or the atoms to be squeezed. 
The critical parameter governing the behavior is the cooperativity parameter C. The under- 
lying mechanism responsible for spin squeezing considered in this paper is rather different 
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FIG. 6: Minimal variance ASmin versus intracavity field amplitude |^(j42) /^o|- The parameters 
are C = 100, p = 1/2000, Fp = 70, F^ = 479. The field amplitude limit as calculated from Sec. 
IIII El is I.I70 in this case. 



from bistability squeezing. Rather than originating in a regime where the amplitude of the 
fluctuations is either big or small, the squeezing can be traced to a region of parameter space 
where the fluctuations can be made small owing to the cooperative behavior of the atoms 
due to the cavity coupling. At the same time, the spin mean value increases faster than the 
fluctuations with increasing EIT pumping rate. We can then say that the spin is pumped 
owing to the EIT interaction, while the fluctuations are kept low by the cavity coupling. 
The consequence of this novel effect is that the atomic squeezing no longer saturates at some 
constant value when one increases the number of atoms. We would like to point out that 
the origin of squeezing is rather complex, in the sense that both the cavity coupling and the 
EIT pumping are necessary to produce squeezing, although each scheme, taken alone, does 
not yield squeezing; hence our appellation of EIT-assisted atomic squeezing. Note that the 
squeezing can be easily controlled via the EIT intensity, and the optimization provided by 
the rather simple analytical results of the effective system. In addition to the advantages 
of a cw experiment, we would like to point out that the long life-time of the ground state 
should render easier the squeezing detection and control. 
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VI. APPENDIX 



We give the expression of the atomic diffusion coefficients in the case discussed in Sec. 
IIII A| when (^42) = 0,5 = 0, Ac = 0. They were evaluated with the Einstein generahzed 
relations [3| and grouped in the atomic diffusion matrix [Dat] 



at 



N 



70 + r 



p 

p/2 

P 

270 



p/2 

P 

270 



r' 



(7o + rp)^ 



p/2 

P 
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p/2 
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